Abstract. We show that the classical Faulhaber's theorem on sums of odd powers also holds for an arbitrary arithmetic progression, namely, the odd power sums of any arithmetic progression a + b, a + 2b, . . . , a + nb is a polynomial in na + n(n + 1)b/2. The coefficients of these polynomials are given in terms of the Bernoulli polynomials. Following Knuth's approach by using the central factorial numbers, we obtain formulas for r-fold sums of powers. Expressions for the alternating sums of powers are also presented by using the Bernoulli polynomials and Euler polynomials.
Introduction
The classical theorem of Faulhaber states that the sums of odd powers 1 2m−1 + 2 2m−1 + . . . + n 2m−1
can be expressed as a polynomial of the triangular number T n = n(n + 1)/2, see Knuth [7] . Moreover, Faulhaber observed that the r-fold summation of n m is a polynomial in n(n + r) when m is positive and m − r is even [7] . The classical Faulhaber theorem for odd power sums was proved by Jacobi [6] , see also Edwards [3] . Let us recall the notation on r-fold power sums: 0 n m = n m , and For even powers, one can show that the sum 1 2m +2 2m +· · ·+n 2m is a linear factor times a polynomial in the triangular number T n . Gessel and Viennot [4] had a remarkable discovery that the alternating sum
n−i i 2m can be written as a polynomial in the triangular number T n .
The main objective of this paper is to show that Faulhaber's theorem on the sums of odd powers and the theorem of Gessel and Viennot on the alternating sums of even powers can be extended to an arbitrary arithmetic progression a + b, a + 2b, . . . , a + nb.
Because of the relation
without loss of generality we may restrict our attention to the series
We will adopt the notation used by Knuth [7] :
In the same spirit, we will write (x + n) m for
be the sum of the sequence x + 1, x + 2, . . . , x + n. The following formulas for small values of 2m − 1 suggest that S 2m−1 = (x + n) 2m−1 is a polynomial in λ:
We will present two approaches to prove our main theorem. The first relies on the computation involving Bernoulli polynomials and Bernoulli numbers. The second method utilizes the central factorial numbers following the approach of Knuth [7] . We observe that certain lower factorials are polynomials of the sums of arithmetic progressions so that we do not have to use r-reflective functions.
In the last two sections, we obtain formulas for the alternating sums of powers of arithmetic progressions. For even powers, the formula involves the Bernoulli polynomials evaluated at 1/4. For odd powers, our formula is related to Euler numbers. We also obtain an expression of the alternating sums of even powers in terms of the central factorial numbers. Our considerations are inspired by the work of Gessel and Viennot [4] on the alternating sums of even powers of the first n positive integers.
Power Sums of Arithmetic Progressions
In this section we show that Faulhaber's theorem also holds for arbitrary arithmetic progressions and we derive a formula for the r-fold power sums in terms of the central factorial numbers. For example, the sum
is a polynomial in n 2 , and the sum
is a polynomial in the pentagonal number n(3n − 1)/2. In general, we show that (x + n) 2m−1 is a polynomial in nx + n(n + 1)/2 and we will give a formula for the coefficients of this polynomial in terms of the Bernoulli polynomials.
Let us recall some basic facts about Bernoulli polynomials. The power sums of the first n positive integers can be expressed in terms of the Bernoulli polynomials:
where the Bernoulli polynomials B n (x) are defined by
The Bernoulli numbers B n are given by B n = B n (0). Note that the Bernoulli polynomials satisfy the following relations
2)
as observed in [2] . Furthermore, it is necessary to mention the following binomial expansion for the Bernoulli polynomials:
The evaluation of Bernoulli polynomials at 1/2 is of special interest. For n ≥ 0, we have
We remark that from (2.7) one has the following expansion for B n (x):
Applying (2.2) we obtain the following identity derived by Hirschhorn [5] :
, which leads to a formula for the sum (a + bn) m .
We now present the main result of this section.
Theorem 2.1 Let λ = n(n + 2x + 1). We have
where
Proof. Applying (2.5) we get
From the binomial expansion (2.6), B 2m (x + n + 1) can be rewritten as
we immediately get (2.9) for k 1. For k = 0, we have
This completes the proof.
Let us recall the following generating functions for the Bernoulli polynomials in terms of hyperbolic functions.
We now compute the generating function for the coefficients F (m+1) k (x), which we call the Faulhaber polynomials. The proof is in the same spirit as that given by Gessel and Viennot [4] .
Proof. From (2.9), the left hand side of (2.15) equals,
which can be rewritten as
Setting x = 0 in (2.15), we get the generating function of the Faulhaber numbers f (n, k) [4, p. 27] . We now present a formula for the even power sums (x + n) 2m based on the identity for odd power sums (x + n) 2m+1 .
Theorem 2.3 Let λ = n(n + 2x + 1). For m ≥ 1, we have
Proof. By virtue of (2.5) and Theorem 2.1, we get
Differentiating both sides of the above identity with respect to n and applying (2.4), we obtain the required formula based on the relation (2.5).
For example, the sum of even powers of the first n odd numbers, namely,
is a polynomials with odd powers in n. Here are the first few instances:
Note that differentiating (2.17) twice with respect to n leads to Jacobi's recurrence for the Faulhaber polynomials:
k+2 (x). Setting x = 0, the above relation reduces to Jacobi's recurrence as in Knuth [7] ,
are the Faulhaber numbers given by the following relation
r-Fold Sums of Powers
The main result of this section is an expression of the r-fold sums of powers of an arbitrary arithmetic progression in terms of the central factorial numbers. This result is based on the observation that Knuth's approach can be carried over to the general case without using r-reflective functions. It can be seen from our formula that if r + m is even then the r-fold power sum r (n + x) m is a polynomial in n(n + 2x + r) plus a term that vanishes when x = 0.
We remark that in principle one may use Bernoulli polynomials to derive multiple summation formulas for the r-fold power sums for arbitrary arithmetic progressions. We do not carry out the details because they do not seem to be informative.
Recall the notation for the lower factorials (x)
, is given by
The central factorial numbers T (m, k) are determined by the following relation:
for m ≥ 1. Note that T (m, k) = 0 when m − k is odd. In particular, we need the following relation
We first give a formula for the r-fold sum of lower factorials. From the recursive definition (1.1) of r-fold summations, we get the following multiple summation expression:
The above multiple summation can be simplified to a single summation.
Proof. Setting
gives
Hence we get
Iterating (3.4) r − 1 times and using the following identity
we obtain the desired formula.
The following theorem shows that certain lower factorials are polynomials in the sum of an arithmetic progression.
Theorem 3.2 Let x ∈ R, n, k, r ∈ N. Then (x + n + k + 2r) 2k+2r is a polynomial in n(n + 2x + 2r + 1).
Proof. The lower factorial (x + n + k + 2r) 2k+2r can be rewritten as
From Theorem 3.1 and the relation (3.2), we obtain two summation formulas, one for 2r+1 (x + n) 2m−1 , and the other for
We remark that setting x = 0 in the above formula, the second summation vanishes. Hence we obtain Faulhaber's theorem for the (2r + 1)-fold power sums of the first n positive integers. By using theorem 3.1, together with the following relation
we obtain the following formula for the (2r)-fold summation 2r (x + n) 2m .
Theorem 3.4
For m ≥ 1, we have,
Setting x = 0 in the above formula, one sees that the (2r)-fold summation is a polynomial in n(n + 2r) because of the following relation:
Alternating Sums of Even Powers
In this section, we use Bernoulli polynomials to derive a Gessel-Vionnot type formula for the alternating sums of even powers of arbitrary arithmetic progressions. 
Proof. We consider the parity of n. When n is even, we may write the left hand side of (4.1) as
Using (2.5) and (2.6), the above sum becomes
From (2.3), one sees that B n 3 4
, which implies that
, i is even.
Therefore the alternating sum (4.4) is equal to
Finally, noting that
When n is odd, we may write the alternating sum as
which equals
Comparing (4.7) with (4.5), we see that
takes the same form regardless of the parity of n. Therefore, it remains to consider the constant term in the expansion in λ. It is easy to see
Next we compute the generating function for G (m)
k (x). We should note that in the following theorem G (m) 0 (x) will be interpreted by the formula (4.2) for i = 0 instead of the formula (4.3).
Theorem 4.2 We have
Proof. Applying (4.2), the left hand side of (4.8) equals
, which can be rewritten as T (2m, 2k) (x + n + k) 2k + (−1) n+1 (x + k) 2k .
Setting r = 0 in (3.2), we have the following corollary of Theorem 4.3:
Corollary 4.4 The alternating sum n i=1 (−1) n−i (x + i) 2m is a polynomial in n(n + 2x + 1).
Alternating Sums of Odd Powers
In this section, we present a formula for the alternating sums of odd powers of an arbitrary arithmetic progression by using the Euler polynomials and the Euler 
